The Social Force Model of pedestrian dynamics is formulated in a way that a) most of its parameters do not have an immediate interpretation, b) often one single parameter has an impact on many aspects of walking behavior and c) a certain aspect of walking behavior results from the values of more than one parameter. This makes calibration difficult. The aim of this paper is to give practitioners an indication of how to proceed in the calibration process. For this by analytical transformations the parameters of the Social Force Model are related to real properties that have a clear and immediate meaning and which are also highly relevant result properties of a simulation: extent and clearance time of a queue, respectively maximum density and capacity flow. The theory for this is presented as well. As a side effect it can give a deeper understanding of the model for everyone interested in theoretical aspects.
Introduction and Motivation
The Social Force Model (SFM) [1] [2] [3] [4] is one of the most prominent examples of a model of pedestrian dynamics. It is formulated in a way that a) most of its parameters do not have an immediate interpretation in the sense that they cannot be measured directly, b) often one single parameter has an impact on many aspects of walking behavior and c) a certain aspect of walking behavior results from the values of more than one parameter. In this regard the SFM is very different from a number of car-following models like the Wiedemann model [5] where nearly each parameter has an immediate interpretation (can be measured directly) and has only a local effect; "local" in the sense that within the model it affects only a certain observable properties of driving behavior, i.e. of the results.
This structure of the SFM makes calibration challenging, since when the meaning of a parameter is abstract instead of immediate, for someone confronted with the model for the first time, it is often unclear which are the most relevant parameters to adjust and even in which direction a certain modification of the value of a certain parameter changes the simulation results. Among models of pedestrian dynamics the SFM is not unique in having parameters with a rather abstract meaning. The cellular automata floor field models for example share that property to a similar degree [6] [7] [8] .
Compared to action-point car-following models the SFM also has an advantage: it can be analyzed, transformed, and simplified in a rigid mathematical way allowing a deeper understanding of the a priori abstract parameters, which leads to the aim of this paper: to give practitioners an indication of how to proceed in the calibration process. For this by analytical transformations the parameters of the SFM are related to real properties that have a clear and immediate meaning: number of pedestrians, stand still density, and capacity flow. The latter two are highly relevant since they frame the fundamental diagram and thus are important properties in a calibration process.
At the same time these are basic properties such that a model which reproduces these well does not necessarily work well in more complex situations like bi-directional flow situations with emergent lane formation. Thus the work done in this contribution is necessary for calibration, but not complete. However, with regard to the numerous variants of the SFM [3, [9] [10] [11] [12] [13] [14] [15] [16] and to general force-based models [17, 18] the basic character of the proposed method is beneficial, since it means that it applies to most of these variants.
The outline is as follows: in the next section we will derive the results step by step and also document the model simplifications that lead to the results. A reader not interested in the derivation may skip the section and continue in the "Summary of Results and Discussion" section, after which follows a section with examples.
Derivation of Results
Our starting point is the circular specification of the SFM. It is the simplest version since interpedestrian forces depend only on distance between pedestrians. Since in all states of the system that we use in our reasoning relative velocities between pedestrians are zero, the arguments also hold for the elliptical specification II which in addition to distance also considers relative velocity as determining property for the forces. Elliptical specification I, on the contrary, which takes into account distance and the velocity of the pedestrian who exerts the force, is fundamentally different [3] .
The circular specification of the SFM -neglecting forces from walls -is defined as:
where v 0,i is the desired speed of pedestrian i.Ã i > 0, B i > 0, 0 ≤ λ i ≤ 1, and τ i > 0 are parameters of the model. R i denotes the body radius of a pedestrian.ê ij has the direction from pedestrian j on pedestrian i. x i is the position of a pedestrian and dots mark time derivatives (i.e. speed and acceleration). The sum runs over all -potentially infinitely many -pedestrians in a simulation scenario. Function w() is there to suppress forces acting from behind. Within it θ ij is the angle between pedestrian i's velocity vector and the line connecting pedestrians i and j. Abstract parameters in the sense of the introduction are particularly A i , B i , and λ i and -to a lesser degree -τ i . The desired speed v 0,i on the contrary in this contribution and in accordance with most publications on the SFM is viewed as a parameter that has an immediate interpretation and can be measured directly by measuring the free, unobstructed walking speed, although it is an unproven hypothesis that for pedestrians there is a situation independent desired speed that matches the free walking speed. Therefore in the framework of this contribution we assume that there is no freedom in choosing the value of v 0,i and count it to the empirical properties although at the same time it is a model parameter.
From here on we assume that parametersÃ, B, λ, τ R, and v 0 have identical value for all pedestrians, so we omit the indices. This allows to combineÃ and R into a new parameter:
It is essential to keep this parameter transformation in mind, since some implementations of the SFM requireÃ and some A as input parameter. Put differently: if there is no 2R in the exponent and if "distance between pedestrians" refers to surface to surface one needs to calculate with parameterÃ, while if it is center to center parameter A is required. In this contribution "distance" always means center to center. We use the formulation with A for theoretical investigation, but for all simulations As meanÃ, i.e. the 2R are "added" in the simulation.
Since it is obvious which properties are time dependent, we also omit the "(t)". Then equation (1) can be written for the one-dimensional case:
with the additional assumption that for all pedestrians and times v 0 ,ẋ > 0. This can be done without limiting generality since we are not interested in phenomenons far from equilibrium, but only investigate a stationary state of the system (strong equilibrium). Considering only nearest neighbor interactions (one neighbor i + 1 ahead and one neighbor i − 1 behind) and neglecting all other forces the sum in equation (4) is reduced:
for all pedestrians who have a leading and a following pedestrians. For the first and the last pedestrians in the line one of the two terms in brackets is missing. Assume now the first pedestrian in line is waiting in front of a red traffic signal. Let us define its position being x 0 = 0. For a finite system (i.e. there is a last pedestrian) and if λ > 0 the distances between pedestrians grow towards the end of the queue since the last pedestrian is not experiencing a pushing force from behind, therefore exerting a smaller force to his leader who therefore is further away from his leader than others further down in the queue. The effect is most pronounced toward the end of the queue, while distances vary only slightly toward the front, particularly if λ has a value close to zero, much smaller than 1. We assume now that there is a long queue of Z pedestrians and we are interested in the distance L from the first to the N th pedestrian where N << Z when all pedestrians are standing still and for each pedestrians there is zero net force, i.e. the left hand side of equation (8) is zero. Because N << Z for pedestrians in concern we only make a small mistake assuming -as if the queue was infinitely long -that all distances between pedestrians are identical setting
where the left side (acceleration) is zero, since we are at equilibrium. This can be solved easily for d; and as stated we are interested in the smallest possible distance d min , i.e. when speed is zero:
with parameter combination α defined for convenience since this parameter combination will occur often in the remainder. The inverse of d min is the maximum density ρ max which we identify with the stand still density, i.e. the upper end point in the fundamental diagram. For this and for above mentioned L results trivially:
Equation (13) connects the two properties L and N which have an immediate-non-abstract meaning with the parameter B and parameter combination α of the SFM and give a first indication which parameter modification has which impact on simulation results. The second step is to imagine that the traffic light which before stopped pedestrians turns green and that the queue of pedestrians discharges. At first pedestrians which cross x = 0, i.e. the stop line of the signal, are still accelerating, yet after some time, the fourth, or fifth, or tenth pedestrian has already accelerated to the speed which is possible at that density. The further discharge occurs with capacity flow j c at capacity density ρ c .
Also for this situation we assume that distances between pedestrians are constant. We resolve equation (9) forẋ i and use it for v in the fundamental equation:
= ρv 0 1 − αe
At capacity (ρ c , j c ) the first derivative of j by ρ vanishes:
Next we multiply and at the same time divide the last term by e:
which prepares the equation to be resolved for ρ c :
where W() is the Lambert W function [19] [20] [21] [22] [23] which is defined as inverse of xe x , i.e.
To be precise: in this work W() always references the lower real valued branch of the Lambert W function which is denoted as W −1 () when there is a need to distinguish different branches.
The lower branch of W() is defined for all −1/e ≤ x < 0. This is the case for the argument −1/e/α, since equation (12) requires α > 1. All of its values are W() < −1 which is what is also required in equation (18) .
Using this in equation (15) we get as capacity flow:
where for the second transformation we use the defining equation (19) of the Lambert W function.
To put it in terms of directly observable properties: the time T for N consecutive pedestrians to cross the stop line with this results trivially in
Equations (12) and (24) or their repackings in terms of L and T can be combined to get an equation without parameter B or without parameter α. For this we first define a combination of observable properties:
Then q can be written depending only on α, but not B:
or on B, but not α:
The right hand side of equation (28) has a lower limit of 0 and an upper limit of 1 since W() can be approximated [24] by
and since
The lower limit of 0 does not have any relevant implication, yet the upper limit of 1 implies that under the assumptions and simplifications made in this contribution the SFM can only reproduce pedestrian system dynamics where:
It appears that this is not a relevant limitation since in [25] roughly the values v 0 ≈ 1.25 m/s, j c ≈ 0.8 s −1 , and ρ max ≈ 2.0 m −1 were found such that q ≈ 0.32. Equations (28) and (29) can be solved for α resp. B. Both transformations include steps which are not obviously goal directed. Therefore we will do this step by step, beginning with equation (28):
Now for equation (29) . It can be written as
To finish this section we summarize the model simplifications which we had to assume to gain the results:
1. Homogeneous population: all pedestrians have identical parameters. Microsimulations allow by construction to take account for a heterogeneous population by assigning each unit individual parameters. To allow analytical investigation we had to refrain from that. Obviously the values in our analysis would be the average or median value of any distribution.
To test the theory simulations can be run with identical parameters for all pedestrians.
2. One-dimensional movement: reducing the dimensionality from two to one spatial dimension introduces a fixed order between pedestrians which is required for the next simplification step of considering only nearest neighbors.
3. Only nearest neighbor interaction: the SFM originally assumed that each pedestrian in a simulation exerts a force on any other. The reduction to nearest neighbor interactions made the analytical investigation much easier, but obviously this step implies that results cannot be exact. It may be interesting in this regard that it was found that the approach to consider all other pedestrians as having an impact on a certain pedestrian does not lead to the most realistic speed-density relation, but that cutting forces at a certain number or at least suppressing them with more remote neighborhood degree is beneficial [26, 27] . Thus the approximation of nearest neighbor interaction can also be interpreted as a model improvement. In computer implementations of simulation models usually the number of forces on a particular pedestrian is limited anyway to achieve reasonable computation times, which is another reason why this assumption is not only a simplification, but matches the pragmatic ways in which the SFM is actually applied. 4. Stationary state: it was assumed that movement is in a stationary state, i.e. macroscopic properties are stable over time. This is required by the aim of the work to relate simple macroscopic properties to model parameters. Without the system being stationary there are no simple properties. This assumption implies that one cannot expect results to describe situations exactly which include for example an acceleration phase. 5. Equal spacing between pedestrians instead of increasing distances toward rear end of queue:
this is an assumption to which one can get arbitrarily close in a simulation by enlarging the size of the system. 6. By assuming that the queue is a long queue we implicitly assumed that the time delay from the first pedestrians in line having to accelerate from zero speed can be neglected. Thus our results cannot be transferred to queues consisting only a small number pedestrians.
Summary of Results and Discussion
For N pedestrians who stand still at the front end of a much longer single-file queue in front of a signal or service desk we find in the SFM with only nearest neighbor interaction for the length L from the first to the N th pedestrian and the time T it takes for discharge between the first and the N th pedestrian crossing a given cross section
with parameter combination α
where it ought not be forgotten that parameter A is defined differently in different existing literature, compare equation (3) . In terms of maximum (stand still) density ρ max and capacity flow j c equations (50) and (51) can be rewritten
Defining a combination of observable parameters
it is possible to rewrite equations (53) and (54) getting rid of either α or B:
These can be resolved for α and B, giving
Note that for q it does not make a difference if j c refers to the total flow and ρ max to the line density or if j c refers to the specific flow and ρ max to the two dimensional density, since equation (55) requires only an additional factor "1=width/width" to get from the former to the latter. Thus, in a certain sense parameter q is independent of the dimension.
The first hope would now be that one could measure v 0 , ρ max and j c in reality, from that compute a q and with all these use equations (58) and (59) to compute parameters α and B. Then simulating with α and B the same values as measured would result for ρ max and j c in the simulation. However, with all the approximations we have done chances for success are doubtful. We want to benefit from the results obtained from considering a 1d system also for 2d situations; and we do not seriously want to consider only the two nearest neighbors in a 2d simulation, but have at least 4, 6 or 8 pedestrians emitting a force on a certain pedestrian. Doing so would definitely change the results presented above for 1d as well as 2d situations, since the net value of the sum of forces will generally be larger. Thus, we cannot directly apply these equations. However, we can hope that the tendencies which they give are preserved even if we change fundamental properties of the system. In other words: in a calibration process the results derived above might allow an educated guess and tell in which direction parameters need to be changed so that the results change in a certain direction.
Assume you already have done a simulation and you have obtained a certain ρ max and a certain j c . You find that compared to your empirical data both -ρ max as well as j c -are too large. Then looking at equations (53) and (54) things are easy: increasing the value of B will lower the value of both result attributes, and the same is true for parameter α: larger α will lead to smaller ρ max and smaller j c as is shown in appendix A.1.
The case when ρ max as well as j c both should result with larger values is just as trivial: lower the value(s) of B or α or both.
However, how should parameters be changed, if it is required to increase the value of ρ max , but reduce j c ? Should the value of α be raised and the one of B be lowered or the other way round? The answer is -for the math see appendix A.2 -that to achieve a higher value for ρ max and a lower value for j c the value of α needs to be reduced and the value of B raised.
Summarized this suggests the following procedure for calibration of the SFM:
1. Measure or define reasonable values for desired speed v 0 , capacity flow j c (or discharge rate T for a given number N of pedestrians), and maximum (stand still) density ρ max (or queue length L for the same given number N of pedestrians). There is no universally correct value for L and T . Younger people may have different values than older ones. In emergency egress situations one may assume to find smaller values for L as well as T than if people are queuing and going to carry out some rather unpleasant duty. Make sure that 0 < q < 1 in equation (55).
2. With the help of equation (59) compute a value for parameter B. The Lambert W function is implemented in numerical computing and computer algebra software like Matlab ("lambertw(-1, x)") [28] , Mathematica ("ProductLog[-1, x]") [29] or Maple ("lambertw(-1, x)") [30] . One can also find plugins for Excel for download on the web. The easiest way to compute a few values is by using the (online) computational knowledge engine Alpha [31] . In any case make sure that the value from the lower real valued branch (W −1 ()) is computed.
3. With the help of equation (58) compute a value for parameter combination α. Make sure that α > 1. 4 . Choose values for parameters λ, τ , and A, such that equation (52) holds. Consider what is written above and in equation (3) about A andÃ. Reasonable boundaries are 0 ≤ λ < 0.4 (in [3] and [4] values between 0.02 and 0.2 are given as resulting from empirical studies) and 0.05 ≤ τ ≈< 2.0 s. Also consider that 4v 0 τ /B ≤ 1 should hold or that at least the left side is only slightly larger than 1 since otherwise a pedestrian may visibly oscillate forth and back when approaching another [32] .
5. Do simulations, evaluate in the simulation ρ max and j c . And repeat
• if both, ρ max and j c need to be larger, reduce the value of B and/or α,
• if both, ρ max and j c need to be smaller, increase the value of B and/or α,
• if ρ max needs to be smaller and j c larger, reduce the value of B and increase the value of α, • if ρ max needs to be larger and j c smaller, increase the value of B and reduce the value of α, • simulate again and evaluate ρ max and j c .
6. Set the values of all other parameters in case you are working with a variant or an extension of the SFM. For this it is typically required to include more complex scenarios in the calibration procedure. For example the width of the distribution of desired speeds as well as the parameter that sets the impact strength of the relative velocity in elliptical specification II [3] (called V D or ∆t) both are most relevant in bi-or multi-directional flow situations, so include scenarios with bi-directional and crossing flows. Remember that you are free to change the values of τ , λ, and A without spoiling the calibration, as long as the value of α in equation (52) is conserved.
Verification and Example
In this section we first check if the math presented above can be correct by trying it with a concrete example and simulating with the same model simplifications that were assumed. In a second step we release some of the simplifications, most importantly applying the calibration procedure in a 2d setting. We configure a simulation of pedestrian dynamics [33] as close as possible to the model simplifications (a pedestrian "sees" forces only from two other pedestrians, very narrow distribution of desired speeds, circular specification of the SFM) and simulate a de facto one dimensional situation (50 cm wide corridor) where 1,000 pedestrians first walk toward a red traffic signal, stop there, and start moving when it turns green later. We measure the linear density of pedestrians as they wait in front of the red signal (number of pedestrians in a 100 m long section) and the discharge flow after the signal turns green (number of pedestrians passing within 100 seconds, measurement beginning 100 seconds after the signal turns green). We pretend we know nothing about the parameters of the SFM and use the empirical results of [25] (v 0 ≈ 1.25 m/s, j c ≈ 0.8 s −1 , and ρ max ≈ 2.0 m −2 ) which give q = 0.32 and from that with equations (58) and (59): α = 2.7532 and B = 0.4937 m (in the software for this purpose it is B soc,iso = 0.497 m whereas B soc,mean is irrelevant since to disable the elliptical specification II it is required to set A soc,mean = 0).
The first check is on the freedom to set the parameters τ , A and λ that make up α. The results as displayed in Table 1 show that in fact the flow (capacity) is constant that the maximum density varies only slightly for identical values of α, such that the simulation in this aspect confirms the theory presented above.
Looking at the particular values for flow and maximum density we see that the flow matches exactly expectations, by that increasing confidence in above's results further, but that the maximum density is slightly smaller than expected. This can be (at least) due to two causes: first, it can be a consequence of a violation of the (non-)oscillation condition 4v 0 τ ≤ B -see [32] -i.e. pedestrians are not yet at rest at the time of measurement, but -for some of the parameter sets clearly, for others barely visible -still move forth and back at the time of measurement, by that requiring more space. Among others this is one of the reasons to not utilize the circular specification of the SFM alone, but to combine it with for example elliptic specification II which by construction suppresses oscillations. Second, our simulation system is not exactly onedimensional, but it is a 2d simulation system artificially confined to something like a 1d system. This may have certain (small) effects which would be out of scope to be discussed here. In total we see the results to be in accordance with the theoretical considerations presented above. Table 1 with any set of parameters.
Going from 1d to 2d first bears the difficulty how to transfer equation (59), since maximum density in 2d has a dimension of m − 2 while B needs the dimension m.
We assumed -what we believe to be the simplest assumption -that the maximum density needs to be divided by a lane width w l and the explicit ρ max in equation (59) needs to be replaced by ρ max /w l . As initial guess we assume a lane width of w l = 0.5 m. This leads to B = 1.02 m.
Going from 1d to 2d it is furthermore anything but sure that the properties and relations derived above still hold. We want to test a) if as in 1d also in 2d capacity flow and maximum density only depend on α, but not on how A, τ , λ, and v 0 contribute to the value of α, b) if equations (53) and (54) have a meaning in 2d, and c), if the calibration procedure as defined above can in fact be carried out in a 2d setting.
Another question in a 2d environment is, how many pedestrians should be taken into account as "nearest neighbors" for the SFM. Obviously two would be too few. Assuming a near to hexagonal (or triangular) walking formation 1 we choose six as number of influencing pedestrians. The results as given in Table 2 support two conclusions: first, in 2d as in 1d ρ max and j c depend only on α and not on its factors. It was not clear at all that this fact would "survive" the expansion from one to two dimensions. Therefore this result is explicitly pleasant. Second, both ρ max as well as j c result much smaller than expected from the 1d theory. Obviously concerning this aspect the transgression from 1d to 2d brings a major change and with it a challenge for future work. The simplest way to bring the simulation results closer to the expected values is to assume larger values for w l : w l = 1.0 m leads to ρ max = 4.10 m −2 and j c = 1.56 (ms) −1 such that one of the result parameters (ρ max ) is smaller than desired and the other one larger. This implies that the best parameters A and B may neither be both smaller nor both larger than the ones applied at this point (A = 3.9 m/s 2 and B = 0.51 m). Furthermore we apply the process and change parameters A and B following results of previous simulations as described above, keeping the values of τ and λ constant. Table 3 gives an overview of those simulations where the resulting capacity flow is close to the desired value. It can easily be seen that indeed the value of parameter A needs to be reduced and the value of parameter B increased to get closer to the desired result. However, even for B → ∞ the desired maximum density cannot be achieved for the given flow capacity.
It may appear disappointing at first that the model parameters cannot be set such that the desired values of result parameters are met. However, at second thought this can also be interpreted as a positive property of the model: since the pedestrians in the simulation had a size (radius, to be precise) which implied a maximum density (densest packing of spheres) near the desired result for ρ max one may simply require from a model that it cannot be tweaked by parameter modifications to produce any result one could think of. Finally we checked once more that this depends only on α and not the parameters it is made of and varied the values of λ and τ as in Table 2 adjusting A soc,iso such that α = 0.2566 is preserved. Again j c and ρ max remained nearly unchanged.
Summary and Outlook
In this contribution we were able to derive two formulas that assign values to a parameter (B) and a parameter combination (λ, τ , A) for a simplified version of the SFM using as input only observable properties (stand still density, capacity flow, and free speed). Based on this we proposed a calibration procedure that can be applied requiring to know neither the derivation of the results as given in this work nor details of the SFM. We demonstrated the calibration procedure with a concrete example. As a result of the insight into fundamentals of the Social Force Model presented in this paper this calibration procedure is an informed procedure that exploits the model structure for calibration as opposed to optimization schemes which work irrespective of this. Nevertheless it may well be that a particular general optimization scheme can be combined with the particular information of the facing work to enhance the performance of an optimization (calibration) process.
Future work may concern mainly the transgression from one to two dimensions as well as the further calibration process. The approach presented in this work leaves freedom to choose some of the parameters. For extended variants of the SFM with additional parameters there is even more such freedom. To calibrate the values of these parameters empirical data from further walking situations (e.g. bi-directional, crossing) is required.
A Appendix

A.1 The function −1/ W(−1/(eα))
The easiest way to gain some insight into the properties of a function is to plot it, see Figure  1 . There the visual impression already suggests strongly that the first derivative by α is always negative. This can be proven easily 
Since all three top level brackets enclose negative values for all α > 1 the derivative is negative for all α > 1.
A.2 To lower the value of ρ max and raise the value of j c
To answer the question how α and B need to be changed to achieve a smaller ρ max and a larger j c we imagine that we already have the right value for ρ max and want to raise the value of j c without changing ρ max . So we have "old" parameters α and B and "new" parameters α and B . Since ρ max should remain constant it is required that 1 B ln(α ) = 1 B ln(α) (67)
Note that if B > B then α < α and vice versa. This allows to eliminate α in the new j c : Thus we could show that j c < j c if B > B (with a certain α < α). Coming back to the original idea of an unmodified ρ max where if B > B it needs to be α < α: choose someB with B <B < B and it will obviously be ρ max (B, α ) > ρ max (B, α) (79) j c (B, α ) < j c (B, α)
which shows that to have a chance to raise the value of ρ max and lower it for j c one needs to raise the value of B and lower it for α.
